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Algebraic Structures

a) Know why the real and complex numbers are each a field, and that particular rings are
not fields (e.g., integers, polynomial rings, matrix rings)

b) Apply basic properties of real and complex numbers in constructing mathematical
arguments (e.g., if a<band ¢ <0, then ac > bc)

¢) Know that the rational numbers and real numbers can be ordered and that the complex
numbers cannot be ordered, but that any polynomial equation with real coefficients can
be solved in the complex field

Closure Property: A set is closed (under an operation) if and only if the operation on two
elements of the set produces another element of the set. If an element outside the set is
produced, then the operation is not closed. The set of even numbers form a closed set under
addition and multiplication, since when you add two evens, or multiply two evens, you get an
even number. The odd numbers are closed under multiplication but not addition. If you add two
odd numbers together, say 5 and 7, the result, 12 is not odd.

Commutative Property: When an operation has this property, it means that the order of
elements does not change the outcome of the operation. Subtraction is not a commutative
operation because a-b is not the same as b-a. However, addition and multiplication are both
commutative operations because a+b=b+a and ab=ba are true for every a and b in the real
numbers.

Associative Property: “ Associative” comes from “associ at
Property is the one that refers to grouping without changing order. For addition, the property is

illustrated by a+(b+c)=(a+b)+c while in multiplication we have a(bc)=(ab)c for every a, b and ¢

in the real numbers. A concrete example would be 2+(3+4)=(2+3)+4 or 2(3x4)=(2x3)4.
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The Distributive Property: describes the interaction of the two operations of multiplication and
addition. So a(b+c)=ab+ac. We say multiplication distributes over addition. Because the
operation of subtraction is defined through addition, by the process of adding the opposite, it is a
natural extension to see that multiplication also distributes over subtraction.

Identity Property: The Identity Property refers to the existence of a special element in a set that
goes along with a particular operation. If we perform the operation between the special element
and any other in the set, then the second element retains its original value, or identity. For
addition, 0 is the identity element, and for multiplication 1 is the identity element. This is
because the addition of 0 to any number does not change it, and the multiplication of 1 to any
number does not change it, either.

Inverse Property: The Inverse Property works hand in hand with the Identity property.

A non-zero element, X, of a set has an inverse with respect to a given operation if and only if
there exists another member, Y, of the same set, such that when the operation is performed the
identity element is produced. For the set of real numbers 2 is the inverse of -2 for the operation
of addition and % is its inverse for the operation of multiplication. We see that every real number
except 0 has both of these kinds of inverses, which we call opposites, and reciprocals,
respectively.

Field Theory

The properties for a group give us the “rul es
Mathematically speaking, a group, G,is a set of elements with one operation, such as addition or
mul tiplication, a-e<b.

Arefers to an operation, not necessarily multiplication. We will also begin to use mathematical

notation,for example
aN S means that a is an element of set S.

A group would be a set 8lofthe tllowingprapgteest at i on « t
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A group is said to be abelian if xey=yex for every x,yN G [Commutative Property].

Typical examples of group operation include addition and multiplication. Subtraction and
division are usually not group operations since they are not associative.



Mathematically speaking, a ring consists of a set, such as the real numbers, with two operations
(for example, denoted addition and multiplication), so that the set with the operation of addition
forms an Abelian group, the operation of multiplication is associative (but not necessarily
commutative), and the distributive property holds -- a(b+c)=ab+ac and (a+b)c=ac+bc.

If the operation of multiplication is commutative, we call the ring a commutative ring. General
Square Matrices do not have multiplicative commutative property (there are exceptions. There
are a few square matrices which one can.

Note Matrices are a good example of a rRommmutative ring because, in general, matrix
multiplication is not commutatev However, there are a few square matrices, which are
commutative.

A diagonal matrix, that is a square matrix in which the entries outside the main diagonal are all
zero, with non-zero elements on the diagonal do have multiplicative inverses in their set.

But any diagonal matrix with a zero anywhere on the diagonal fails to have a multiplicative
inverse. Examples of rings include integers, polynomials, and matrices. The basic commutative
rings in mathematics include the integers, Z, the rational numbers, Q, the real numbers, R, the
complex numbers, C, and polynomials.

Mathematically speaking, a field, F, is a set with two operations, addition and multiplication,
such that the set with the operation of addition forms an Abelian group, and the set with the
operation of multiplication also forms an Abelian group. Fields are commutative rings which
have no divisors of zero. A divisor of zero would be the existence of two elements, neither of
which was zero, but whose product was zero.

Rational numbers, Q, real numbers, R, and complex numbers, C are fields. The set of
integers, Z, is not a field because there are no multiplicative inverses.

In mathematics, an ordered field is a field (F+t )t oget her wi th a tiot al or c
compatible with algebraic operations in the following sense:
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Ordered fields include rational numbers and real algebraic numbers and the real numbers. Every
ordered field is a formally real field, eg. zero (0) cannot be written as the sum of nonzero
squares. Complex numbers cannot be turned into an ordered field since they contain a
square root of -1, which no ordered field can do.

Squaresarenon-n e g a t ia¥fa all aid F. §~ollows by a similar argument to 1 > 0)

A real number, R, may be either rational or irrational. If we let R denote the se of all real
numbers. Then:

(1) The set R is a field, meaning that addition and multiplication are defined and have the usual
properties.
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A complex number is a number of the form a + bi where a and b are real numbers, and i is the
imaginary unit with the property i 2= -1. The real number a is called the real part of the complex
number, and the real number b is the imaginary part. When the imaginary part b is 0, the
complex number is just the real number a. Complex numbers can be added, subtracted,
multiplied, and divided like real numbers, but they have additional properties. Real
numbers alone do not provide a solution for every polynomial algebraic equation with real
coefficients, while complex numbers do (the Fundamental Theorem of Algebra).

Basic properties of order: Complex numbers can be added, subtracted, and multiplied by
formally applying the associative, commutative and distributive laws of algebra, together with
the equation i 2= -1. Division of complex numbers can also be defined. However, it is not clear
which is greater, 3+6i or 4+7i.

Complex numbers have length or magnitude.

Polynomial Equations and Inequalities

a. Know why graphs of linear inequalities are half planes and be able to apply this fact (e.g.,
linear programming)

b. Prove and use the following:

- The Rational Root Theorem for polynomials with integer coefficients

- The Factor Theorem

- The Conjugate Roots Theorem for polynomial equations with real coefficients
- The Quadratic Formula for real and complex quadratic polynomials

- The Binomial Theorem

c. Analyze and solve polynomial equations with real coefficients using the Fundamental
Theorem of Algebra

The Rational Root Theorem states that if f(x) is a simplified polynomial with integer
coefficients and if the equation f(x)=0 has a rational root p/q that is in lowest terms, then p must
be an integer factor of the constant term of f(x) and g must be an integral factor of the leading
coefficient of f(x). TAKEAWAY': The Rational Root theorem can help us find all the possible
rational zeros in a polynomial. If p/q is a factor of P(x)=0, then p is a factor of the constant term
of P and q is a factor of the leading coefficient of P.

Example If f(x)=x"3-2x"2+2, find the rational roots.
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+1,%2 are the possible rational roots
f(-1)=0, f(2)=0, thus -1 and 2 are the rational roots

Note: a polynomial equation may not have any rational rpfiisexample x*2-2=0 has p=2 and
g=1, so the possible rational roots are £1,£2, but if we substitute these four values for x, none of
them will satisfy the equation. That is because this equation has only irrational roots. We can
solve by taking square roots to obtain the roots £2 . This does not contradict the Rational Roots
Theorem, which only identifies possible rational roots.

The Factor Theorem states that for a polynomial x-a is a factor if and only if a is a root of the
polynomial. By the Factor Theorem, if r is a root of a polynomial in x, then (x-r) divides the
polynomial with zero remainder. (Related: Synthetic Division)

You may run into a problem when the Rational Root Theorem will only identify one rational root
in a cubic polynomial. If the depressed equation is of the second degree then you could find the
remaining roots by factoring or using the quadratic formula.

The Quadratic Formula provides you with a method to solve any quadratic equation including
those that can and cannot be factored. It will produce all existing roots to the equation, whether
they be integer, rational or irrational. It also is very useful to make a quick determination of what
type of roots there are for a given polynomial equation by use of the expression inside the
radical, which is called the discriminant (b"2 - 4ac).

The German mathematician C. F. Gauss in 1799 first proved that every polynomial equation with
complex coefficients has at least one root. The result is known as the Fundamental Theorem
of Algebra. Equivalently, the field of complex numbers is algebraically closed.

This theorem guarantees the existence of roots, but not a method to find them. In fact, it is not
known in general how to factor a polynomial; only techniques for special kinds of polynomials
are known. The mathematician Evariste Galois (1811-1832) has proved that it is not possible for
there to be a general formula to solve polynomials of degree 5 and higher.

By combining the Fundamental Theorem of Algebra with the Factor Theorem we can say
that every polynomial with complex coefficients and positive degree n has exactly n complex
roots, including roots of multiplicity. What this means is that if you know the degree of a
polynomial equation, you will know how many roots to look for.

TAKEAWAY:

<Polynomials of odd degree vs Polynomials of even degree>

Polynomial of of odd degree: if we only see one root, then there must be at least another pair of
conjugate roots. Conversely if an odd degree polynomial has two conjugate roots, it will have at
least one real root. If the function is tangent at the x-axis, it is a double root (related to
multiplicity)

Roots of Multiplicity: when a root is repeated k times it has k multiplicity.

Exampl e: (x - 3)4(x + 1)5



3 is a root of multiplicity 4, and -1 i

Odd degree differs from an odd function (odd function has symmetry at the origin. x"3 +1
does not have symmetry. X3 does)

The Complex Conjugate Root Theorem states that if P is a polynomial equation with real
number coefficients and a+bi (b is not zero) is a root of the equation, then a-bi is also a root.
What this means is that if you know one complex imaginary root you know its conjugate is also a
root.

Example: In order to find all the zeros of 3x"3-10x"2+10x-4, we start with the Rational Root
Theorem to find all possible rational roots.

We find that evaluating the equation for x=2 makes the equation equal 0, and therefore 2 is one
root. After synthetic division, we find the depressed equation is 3x"2-4x+2. Now we can use the
quadratic formula to find the remaining roots. We notice that the discriminant is -8 so we know
that there will be 2 complex imaginary roots. We also know that the complex imaginary will be
conjugates. Sothe factorsar e 2, (2+4iVV22)//33 and (2

Binomial Expansion Formula

Functions

a. Analyze and prove general properties of functions (i.e., domain and range, one-to-one,
inverses, composition, and differences between relations and functions)

b. Analyze properties of polynomial, rational, radical, and absolute value functions in a variety of
ways (e.g., graphing, solving problems)

c. Analyze properties of exponential and logarithmic functions in a variety of ways (e.g.,
graphing, solving problems)

Analyze properties of polynomial, rational, radical, and absolute value functions in a variety of
ways (e.g., graphing, solving problems)

To find the inverse, interchange x and y in the original function, then solve for y.
f(f-1(x))=x

Anytime a function and its inverse intersect, it must occur on the line y=x, so the x and y
coordinates of the point will be the same. For any curved function and its inverse, the x and y
values are equal.

Functions that have inverses must be a one-to-one function. A function is one-to-one if no two
different elements in the domain have the same element in the range.

A function is a special kind of relation. Relations pair up x and y coordinates, either by listing
them (explicitly) or by writing an equation (implicitly). Functions have the additional property
that no two values of y have the same value of x. (Related Vertical Line Test)



If you ever see the situation where a single input has two different outputs, that is not a function.
If the relation is stated explicitly, look at the (x,y) pairs and see if you can find two of them
which have the same x but different y's. If you can, then it's NOT a function. If you can't, then it
IS a function. If the relation is given as an equation, look for certain clues that will tell you that
it's not a function. If the equation has a y-squared in it (or y raised to the power of any even
number) then it's NOT a function.

What can be said of the set of all quadratic equations with real coefficients? Their range is just
part of the real numbers, not the whole set. They do have inverses, but only once the domain has
been restricted, because they do not pass the horizontal line test.

A rational function is the quotient when one polynomial is divided by another polynomial.
Formally a rational function could be defined as f(x)=a(x)/b(x)where a(x) and b(x) are
polynomial functions and b (x) cannot equal zero.

The numerator and the denominator can be polynomials of any order, but the rational function is
not defined at points for which the denominator equals zero. Such a point is called a singularity
of the function

The degree of the polynomial is the degree of the highest variable term. A polynomial f(x) with
real coefficients and of degree n has n zeros (not necessarily all different). Some or all are
real zeros and appear as x-intercepts when f(x) is graphed.

We generally think of a polynomial function to be of degree 3 or higher, however a polynomial
function could be a quadratic function, a linear function or a constant function.

The x-intercepts are the points where the graph crosses the x-axis. They are also known as roots,
zeros or solutions. The x-intercept is defined as the point(s) where f(x) equals zero. To find x-
intercepts, let y (or f(x)) = 0 and solve for x. So, to find the x-intercept of a rational function,
make sure there are no common factors in the numerator and denominator, then set the
numerator (the top of the fraction) equal to 0 and solve for x.

The y-intercept is the point where the graph crosses the y-axis. If the graph is a function, there is
only one y-intercept. The y-intercept occurs whenever x equals zero. To find the y-intercept, set
x = 0 and solve for y. Remember: y-intercepts are points that look like (0,y)

Vertical asymptotes are vertical lines the graph approaches. One way vertical asymptotes occur
is when factors in the denominator equal 0 and do not cancel with factors in the numerator.
The equation of the vertical asymptote is x = (that number which makes the denominator equal to
0). Once a function has been factored, the denominator roots will equal the vertical asymptotes.
This means that when we find the value(s) that make the denominator equal to zero, we have
found the vertical asymptote(s).

Horizontal asymptotes are horizontal lines the graph approaches. Horizontal asymptotes canbe



crossed. If the degree (the largest exponent) of the numerator is less than the degree of the
denominator, the horizontal asymptote is the x-axis (y = 0).

If the degrees of the numerator and denominator are the same, the horizontal asymptote equals
the leading coefficient (the coefficient of the largest exponent) of the numerator divided by the
leading coefficient of the denominator. If the degree of the numerator is greater than the degree
of the denominator, there is no horizontal asymptote.

However, by restricting the domain of f(x)=x"2 to only the positive values of x, we can see in the
graph below that the inverse is f(x)=x.

Example: Select the rational function, f(x), that best fits all of these criteria:
e Vertical-2amd3y mptotes at

* Horizontal asymptote of y=1

e Only craosstgles t he X

e f-120) =

(x2-1)(x2+18)/(x+2)2(x-3)2

Types of Functions

When graphing any function, combining the idea of parent functions with transformations is a quick way to sketch a graph. A parent
function is the general shape of a particular function. The chart beiow shows some examples of parent functions.

Linear Function Quadric Function Cubic Function Sine Function
X=y y=x? / y=x | y=sin x
Cosine Function Rational Function Exponential Function Logarithmic Function

Linear Algebra

a. Understand and apply the geometric interpretation and basic operations of vectors in two and
three dimensions, including their scalar multiples and scalar (dot) and cross products

b. Prove the basic properties of vectors (e.g., perpendicular vectors have zero dot product) c.
Understand and apply the basic properties and operations of matrices and determinants

(e.g., to determine the solvability of linear systems of equations)



A vector is a physical quantity that has the attributes of magnitude and direction. The vectors
we will consider will be in 2- or 3-D (but technically they can have infinite components). We use
the term scalar to indicate a one-dimensional quantity. For our purposes, any real number would
be a scalar. Depending on the context, however, scalars can also be drawn from other fields.
Scalars have a magnitude (or size) only. Examples of scalars include the length of a vector.

Standard Position is the origin. But any vector can be drawn at any point on coordinate.
Vector Inner Product Space can be angle between vectors or the length of the vector.
Any vector who length is 1 can be called a unit vector. The inner space is equal to cos theta.

If two vectors are represented by two adjacent sides of a parallelogram, then the diagonal of
parallelogram through the common point represents the sum of the two vectors in both
magnitude and direction

To find the area of a parallelogram in the XY plane, take the magnitude of the cross product of
vectors which describe any two sides of the parallelogram which are adjacent. Since the cross
product is only defined on vectors of the form <a,b,c> we use 0 in the place of the third
variable, going from two to three dimensions.

Two or more vectors are parallel if and only if they have the same or opposite direction. Two

vectorsa -and b -are parall el I f a-= k b-for some s
multiplication does not change the direction of a vector, except by possibly making it go in the
opposite direction.Ei t her way a - is parallel to ka-o.

For a vector in standard position, the direction angle of the vector is the measure of the angle
between the positive x-axis and the vector.

For the vectors to be parallel, they must be scalar multiples of each other
For the vectors to be orthogonal, their dot product must equal zero or their cross product is ...

A unit vector is any vector with a magnitude of 1. Unit vectors are useful for specifying

direction. We give a special role to the unit vectors that lie along the positive coordinate axes

with their initial points at the origin. The unit vector that lies along the positive x-axis in this way

isrepres ent ed by vectorthatlissdlongthepositivey-a x i S 1 S represente
Hence, i - = <1, Qiesaloagthd z-axis} When vediors drexdescridedkusing

their components, often brackets <, > are used to indicate that the point is being thought of as

the terminal point of a vector in the plane.

Vectors can be represented algebraically using ordered pairs of real numbers on a rectangular

coordinate plane. Algebraic vector operations will give a more accurate solution than a geometric

vector representation. If the initial point of a vector has coordinate (x1,y1l)and the terminal point
hascoordinate( x 2, y2), then the ordered pair that rep

Since we have ordered pairs representing the initial and terminal points, we can calculate the
magnitude,or nor m, of a vector using the distance f
Geometrically, the magnitude of a vector is still interpreted as its length.



Determinants
There are three rules that all determinants follow. These are:

» The determinant of an identity matrix is 1

* If two rows or two columns (I did not allow for this in class) of the matrix are
exchanged, then the determinant is multiplied by -1. Mathematicians call this alternating

» If all the numbers in one row or column are multiplied by another number n, then the
determinant is multiplied by n. Also, if a matrix M has a column v that is the sum of two
column matrices viand vz, then the determinant of M is the sum of the determinants of M
with viin place of v and M with vzin place of v. These two conditions are called multi-
linearity.

Natural Numbers

a. Prove and use basic properties of natural numbers (e.g., properties of divisibility)

b. Use the Principle of Mathematical Induction to prove results in number theory

c. Know and apply the Euclidean Algorithm

d. Apply the Fundamental Theorem of Arithmetic (e.g., find the greatest common factor and

the least common multiple, show that every fraction is equivalent to a unique fraction where the
numerator and denominator are relatively prime, prove that the square root of any number, not a
perfect square number, is irrational)

Number Theory

In order to factor a large number such as 46,788 most economically, that is, by checking the
fewest possible divisors, you need all the prime factors less than or equal to the square root of the
number. In this case, there is no need to go higher than 216.

Prime factorization of variables to a power:
Adding 1 to the number of powers of each prime, in essence, counts the possibility of having no
powers of that particular number in the factor being accounted for.

Divisibility Rules
factor same things as a divisor. The number being factored is a multiple of the factor

Dividing by 2: All even numbers are divisible by 2. For example: all numbers ending in 0, 2, 4,
6 or 8.

Dividing by 3: If the sum of the digits is divisible by 3, the original number was divisible by 3.
For example: 531 (5+3+1=9) 9 is divisible by 3, 531 is divisible by 3

Dividing by 4: If the last two digits in a number is divisible by 4, the number is divisible by 4.
For example: 328 ends in 28 which is divisible by 4, 328 is divisible by 4.

Dividing by 5: If a number ends ina 5 or a0, it is divisible by 5.
For example: 500, 2000, 125, 9035

Dividing by 6: If a number is divisible by 2 and 3, it is divisible by 6.



For example: 150 + 2 = 75 and 150 + 3 = 50, 150 is divisible by 6

Dividing by 7: If the last digit in a number is doubled and subtracted from the rest of the digits
and the difference is divisible by 7, the number is divisible by 7.

For example: 252: double the 2 to get 4, subtract 4 from 25 = 21, 21 is divisible by 7, 252 is
divisible by 7

Dividing by 8: If the last 3 digits are divisible by 8, the number is divisible by 8.
Example: 2120 - The last 3 digits, 120 are divisible by 8, 2120 is divisible by 8

Dividing by 9: If the sum of the digits is divisible by 9, the number is divisible by 9.
For example: 331830, (3+3 +1 + 8 + 3 + 0= 18), 18 is divisible by 9

Dividing by 10: If the number ends in a 0, the number is divisible by 10.
For example: 560

The Euclidean Algorithm is another way to find the GCF (Greatest Common Factor or Divisor)
of two positive integers. It is very efficient for large numbers because it does not require
factoring. The algorithm involves a recursive process of using the divisor as the new dividend
and the remainder as the new divisor. When a remainder of 0 is obtained, the last divisor is the
GCF of the given integers.

For example 903 and 2112

903 - (0) * (2112) =903

2112 - (2) * (903) = 306

903 - (2) * (306) = 291

306 - (1) * (291) =15

291-(19)*(15)=6

15-(2)*(6)=3

6-(2)*(3)=0

So gcd of 903 and 2112 is 3

A composite number that is expressed using factors that are all prime numbers is called the
prime factorization of the number.

The least common multiple (LCM) of two non-zero integers is the smallest positive integer
which is divisible by both. For example: the LCM of 4 and 6 is 12 because it is the smallest
positive integer that 4 and 6 will both divide into, or 4 | 12 and 6 | 12.

The LCM and the GCF have an interesting relationship. You can find the LCM of two integers
by finding the product of the two integers then divide the product by the GCF of the two
numbers. LCMx,y=xy/ (GCFx,y)

Basic Steps in a proof by Mathematical Induction

1. Prove that your statement is true for the first case, usually n =1



2. Assume the statement works for n = k, (the statement is true for some finite number of terms)
3. Prove the statement works for n = k + 1 (the statement works for the next element in the
sequence/series)

Explain your steps in proofs via
The substitution property

The reflexive property

The symmetric property

The transitive property

1. Trichotomy: For any real numbers, a and b, exactly one of the following is true:
a<b,a=b, or a>b

2. Transitive: For all real numbers, a, b, and c,
A (a) if a<b and b<c, then a<c
A (b) if a>b and b>c, then a>c

3. Reversal: For real numbers,a and b,
A (a) if a>b, then b<a
A (b) if a<b then b>a

4. Addition and Subtraction: For any real numbers, a, b, and c,
A (a) if a>b, then a+c>b+c and ai c>bi c
A (b) if a<b, then a+c<b+c and ai c<bi c

5. Multiplication and Division: For any real numbers, a, b, and ¢
A (a) If c>0 and a>b, then ac>bc and ac>bc

A (b) If c>0 and a<b, then ac<bc and ac<bc

A (c) If c<0 and a>b, then ac<bc and ac<bc

A (d) If c<0 and a<b, then ac>bc and ac>b



